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On the Diameter of Permutation Groups 
LASZL0 BABAI AND AKOS SERESS 
For a set S of generators of the finite group G, let diam(G, S) denote the maximum over 
g e G of the minimal word length expressing  in terms of S t_J S -1. We define the diameter of 
G as diam(G)= max s diam(G, S) ('worst case' generators). For permutation groups G of 
degree n, we prove that diam(G)~<exp((n In ) l /2(1  + o(1))). (This bound is asymptotically 
best possible.) For transitive permutation groups G of degree n, we obtain the bound 
diam(G) ~< exp(c log 3 n)diam(Ak) , where A k is the largest alternating composition factor of G. 
We conjecture that diam(An) < n c. (c and C denote absolute constants.) 
1. INTRODUCTION AND STATEMENT OF RESULTS 
Given a group G and a set S of generators of G, the Cayley graph F(G, S) is defined 
to have vertex set G and edge set E = {{g, gs}: g • G, s • S}. The diameter of a Cayley 
graph is the maximum distance among its vertices, i.e. the maximum over g e G of the 
length of the shortest expression of g as a product of generators and their inverses. The 
determination of the diameter of a particular Cayley graph is the basic problem of the 
Rubik's cube puzzle. 
We are interested in estimating the asymptotic order of magnitude of the diameter of 
Cayley graphs. The results often heavily depend on the structure of the groups 
involved. 
Few general results are known. By a result of Erd6s and R6nyi [14] (cf. [4] for a 
simple proof), every finite group G of order N has a set S = {xl . . . .  , x,} of generators, 
t ~< logz N + log2 log2 N + 3, such that every element of G can be expressed in the form 
x~ . . . .  xT' (ei ~ {0, 1}). In particular, diam(F(G, S)) ~< t. Clearly, if G is cyclic of order 
N and ISI = 1 then diam(F(G, S)) = [N/2]. 
PROPOSITION 1.1. I f  G is abelian, IG[ = N and ISl = s,  then 
diam(F(G, S)) > ~- N x/s - -  S. 
ze  
PROOF. 
written in the form x~ ~ ~s ~< d. - . -xs ,  where ~/Ikil Consequently, 
If diam(F(G, S)) = d and S = {x1,  . . . , Xs )  , then all elements of G can be 
2s(d + s) ~> s N. 
2s (d + s)S< (2e(d+ s ) f  
s! - " 
The left-hand side is less than 
[] 
On the other hand, if G is a non-abelian finite simple group of order N, then G has a 
set S of at most seven generators such that diam(F(G, S)) < C In N for some absolute 
constant C [8]. 
231 
0195-6698/92/040231 + 13 $02.00/0 t~) 1992 Academic Press Limited 
232 L. Babai and Ji. Seress 
The diameter of permutation groups with restrictions on the types of generators 
allowed has been considered previously. If G ~<Sn is generated by a set S of 
permutations of degree ~<k, then diam(F(G, S) )< 2 (kn) 2k [23], and if all generators 
are cycles of bounded lengths then the diameter is O(n z) [13]. If all generators are 
cycles, and one of them has prime length p <2n/3, then G is S, or An and 
diam(F(G, S)) < 26Vp+4n8 [19]. 
In general, the diameter can be quite large. 
EXAMPLE 1.2. Let "°1, P2 . . . .  be the sequence of primes and let m(n) be the 
greatest integer such that ~,~,~(n)P~ ~<n. Let lre Sn be a permutation consisting of 
cycles of lengths PI, P2, - - - ,  Pm(~)- Then diam(F((r),  { r}) )=P l " "P , , (n ) /2= 
exp((n In n)½(1 + o(1))). 
(This is immediate from the Prime Number Theorem; cf. Propositions 3.9 and 3.10.) 
In the present paper, we examine the 'worst case' diameter diam(G)= 
maxs diam(F(G, S)) for permutation groups. The previous example shows that for 
some G ~< Sn the diameter can be as large as exp((n In n)½(1 + o(1))). In [6] we have 
shown that the same quantity is an upper bound for the diameters of S, and An. The 
main result of this paper extends this bound to all permutation groups of degree n. 
THEOREM 1.3. For any G<~Sn, the diameter of any Cayley graph of G b 
~< exp((n In n)~(1 + o(1))). 
We prove a potentially considerably stronger bound for transitive permutation 
groups. 
THEOREM 1.4. If G <~ Sn is transitive then 
diam(G) ~ exp(C log 3 n) - diam(Am(o)) 
where C is an absolute constant and m(G) is the degree of the greatest alternating 
composition factor of G. 
Therefore, the bottleneck is the estimation of the diameter of the alternating roup. 
Our upper bound exp((n In n)½(1 + o(1))) [6] seems far from best possible. In fact, the 
following conjecture seems to be folklore. 
CONJECTURE 1.5. diam(An) < n c for some absolute constant C. 
In view of our Theorem 1.4, this would imply the next conjecture. 
CONJECTURE 1.6. If G ~Sn is transitive, then diam(G)<~exp(logCn) for some 
constant C. 
Kornhauser et al. [19] go even further and ask whether or not the diameter of 
transitive groups is always polynomially bounded. 
We state a more general form of Conjecture 1.5. 
CONJECTURE 1.7. If G is a non-abelian finite simple group of order N, then 
diam(G) < (log N) c for some absolute constant C. 
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The proofs of Theorems 1.3 and 1.4 will be completed in Section 5, based on the 
structure theory to be discussed in the next section. 
We should mention that a variety of recent results regarding the diameter of finite 
groups is surveyed in [10] (cf. also [3]). 
2. AN ASYMPTOTIC STRUCTURE THEOREM 
For large n, the permutation groups G ~< Sn have certain series of normal subgroups 
with remarkable properties. The construction of such a series is a central part of the 
proof of our results. The overall structure is motivated by the 'augmented structure 
forests', introduced in E. M. Luks's seminal paper on parallel algorithms for 
permutation groups [22, cf. 9]. Along the way, we make use of several consequences of
the classification of finite simple groups (CFSG). 
For primes q <p,  where q I (P - 1), let H(p, q) denote the (unique) non-abelian 
group of order pq. H(p, q) is a subgroup of AGL(1, p) = {x ~->ax + b: a, b ~ GF(p), 
a =/= 0}. 
Direct products of simple groups will be called semisimple. A group is 
characteristically simple if it is the product of isomorphic simple groups. A subgroup 
G ~<//1 x - - • × Hk is a subdirect product of the Hi if G projects onto each factor Hi. 
Not necessarily proper normal subgroups are indicated by '<~'. Let G = Go>~ 
G, >i. • - >/GM = 1, G/<~ G be a series of normal subgroups of the group G. We refer to 
the factors Gi-1/Gi as the levels of the series. We call the level G,_I/Gi an alternating 
level if all composition factors of Gi_I/Gi are alternating roups. On a small level, all 
composition factors are non-abelian and non-alternating. (The reason for this 
terminology is that non-alternating simple permutation groups of degree n have fairly 
small order: exp(c log22n) [11].) Gi_ l /a  i is an abelian level if Gi_l /G i abelian. Finally, a 
metacyclic level is the subdirect product of cyclic groups of prime order and metacyclic 
groups of the form H(p, q) (see above). A series of normal subgroups is organized if 
(i) it has at most one metacyclic level; (ii) all the other levels are semisimple; (iii) each 
level is either metacyclic or abelian or alternating or small. 
Let G ~< S,. A giant level is an alternating level involving an alternating roup of 
degree > Vn. A series of normal subgroups is well organized if it is organized and has 
at most one giant level. 
We define the multiplicity free part of the integer p~ . . . .  p~* as v(p~ . . . .  p~k) = 
Pl • "" Pk, where the Pi are distinct primes. 
THEOREM 2.1. Let G <~ Sn. Then G has a well organized series of normal subgroups 
G = Go>~ (71 >~" • " >~ G~t -- 1, Gi<~G, with the following properties: 
(i) M = O( log  3 n).  
(ii) Let si be the multiplicity free part of the order of Gi-I/Gi. If Gs-1/Gi is abelian then 
Ss <~ exp(n°4(1 + o(1))). 
(iii) If Gi-,/Gi is a metacyclic level then all primes r dividing its order satisfy 
n °4 < r < n °7. 
REMARK 2.2. Instead of the exponents 0.4 and 0.7 we could have chosen any 
numbers a < ~ < b satisfying a > lb and a + b > 1. 
The case of transitive groups is much simpler. 
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THEOREM 2.3. Let G <~ Sn be transitive. Then G has a series of normal subgroups 
G = Go >1 G1 >~" • " >t G~t = 1, G~ <3 G, with the following properties: 
(i) M = O(log 3 n). 
(ii) Each factor G~-I/Gi is characteristically simple. 
(iii) At most one of the levels G,_I/G~ is giant, i.e. the product of alternating roups of 
degree > Vn. 
Note that the series described in Theorem 2.3 is well organized. The estimate in part 
(ii) of Theorem 2.1 is replaced by the trivial bound s~ ~< n. 
The proof  of these structure theorems occupies Sections 3 and 4. In Section 5, our 
main results are derived from the structure theorems. 
3. DEFINITIONS AND PRELIMINARIES 
We refer to any standard text, e.g. [17], for basic facts about groups. For 
permutation group concepts we refer to [25] and [11]. We mention two sources of 
information on the classification of finite simple groups [12, 15], but familiarity with 
these works will not be required; the cited consequences of the classification have 
elementary formulations. 
3.1. Group theory. We write H<-G if H is a subgroup of G and H<OG if H is a 
normal subgroup. 
LEMMA 3.1 [17, p. 96]. Let H <~ G and assume S is a set of generators of G and R is a 
(complete) set of (right) coset representatives of G mod H. Then the set 
(P-lt~Pl: P, Pl ~ R, a ~ S, p- lap l  ~ H} 
generates H. 
The generators described here are called Schreier generators of H ;  their number  is 
ISI IG: HI. 
For H <~ G, we use NClc(H) to denote the normal closure of H in G. The next two 
statements are folklore. 
PROPOSITION 3.2. Let G = Go >~ G~ >i. -. >i Gr = 1 be a composition series of G and 
Ni = NClc,(Gi). Then each quotient Ni_~/Ni is characteristically simple; in fact, it is 
isomorphic to a direct product of copies of Gi-l/Gi. 
Suppose that the groups TD. . . ,  Tk are all isomorphic to some group T and 
q0i: T-->T/ are fixed isomorphisms. Then we define Diag(Tl × • - - × Tk) as 
{(q~,(~r), . . . , ~0k(o:)): a e t}. 
PROPOSITION 3.3. Let H <~ l~n=l T/ be a subdirect product of the non-abelian simple 
groups Ti. Then H is a direct product of diagonal subgroups; i.e., after suitable 
renumbering of the Ti's, 
H = Diag(T1 × - - - x T,,) x • - - × Diag(Tkr ~+~ x - . - × Tkr)- 
The socle of G is the subgroup generated by all minimal normal subgroups and is 
denoted by Soc(G). The socle is semisimple. The automorphism group of G is denoted 
by Aut(G). Every element g 6 G induces an inner automorphism x ~--~g-lxg. The group 
of inner automorphisms, Inn(G), is normal in Aut(G). The factor group Out(G)= 
Aut(G)/ Inn(G) is the outer automorphism group. 
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3.2. Permutation groups. The group of all permutations of an m-element set A is 
denoted by Sym(A), or Sm if the specific set is inessential. Subgroups of Sm are the 
permutation groups of degree m. The even permutations of A form the alternating 
group Aft(A) (or Am). Let G <<-Sym(A). The orbit of a e A under G is the set of 
images {aV: y e G}. G is transitive on A if there is only one orbit. 
The stabilizer of x cA  is the subgroup Gx = {y e G: xV=x}. If G is transitive on A 
and Gx = 1 for some (any) x e A, then G is regular. If G is transitive and 0 4= D ~_ A, D 
is called a block (for G) if for all 7 e G, either D ~ = D or D v N D = 0. A transitive 
group G is primitive if no non-trivial blocks exist. (Trivial blocks have 1 or n elements.) 
If D is a block then the set of images of D is called a block system and an action of G is 
induced on the block system. 
We shall need the following elementary results on the structure of primitive groups. 
They all follow from the O'Nan-Scott  Lemma [24] (cf. [11, 21]). 
THEOREM 3.4. Let G<~Sym(A) be primitive (IAI =n) .  I f  Soc(G) is abelian then 
n =pal for some prime p. Furthermore, A can be identified with the d-space over GF(p) 
and, with this identification, G <-AGL(d, p), the group of affine transformations of A. 
Finally, Soc(G) ~- Tap, the group of translations of A. 
THEOREM 3.5. Let G <~ Sn be primitive. Then 
Soc(G) = T1 X . . .  x Td 
where the T~ are isomorphic simple groups. If  Soc(G) is non-abelian, then G contains a 
normal subgroup N such that: 
(a) Soc( G) <~ N <- Aut( T1) ×. . .  x Aut( Ta); 
(b) G/N is a subgroup of Sd; 
(C) d ~< logs n. 
3.3. Consequences of the classification of finite simple groups. We list some conse- 
quences of the CFSG required for our proof. 
THEOREM 3.6 [11]. There exists a constant c such that, for each primitive group G of 
degree n, at least one of the following holds: 
(i) the socle of G is a product of alternating roups; 
(ii) I GI < n c Jog2n. 
COROLLARY 3.7. Let G be a primitive group of degree n. Then the length r of the 
composition chains of G is r <~ c logZn for some absolute constant c. 
PROOF. Obviously, the length of any chain of subgroups is ~<log2 [G[, so we are 
done in case (ii) of the preceding theorem. In case (i), we use Theorem 3.5. Soc(G) is 
the product of d~<log5 n copies of T=Ak;  IN/Soc(G)I <~ IOut(T)la<~4d; and the 
length of any subgroup chain in G/N<-Sd is <2d [2]. Consequently, in this case, 
r < 5d < 5 log2 n. [] 
The last consequence of the CFSG that we need is about large primes in the 
composition series of primitive groups. Using Aschbacher's work [1], Liebeck and Saxl 
[20] determined all primitive permutation groups the order of which is divisible by a 
prime >V~. From their results, we need only the following. 
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THEOREM 3.8 [20]. I f  G is a primitive permutation group of degree n and p > Vn is a 
prime such that Zp is isomorphic to a composition factor of G, then n is prime and one 
of the following two cases occurs: 
(i) G~Z, ,  p =n;  
(ii) G <~AGL(1, n) and p =n or p l (n - 1). 
Technical difficulties in handling the primitive groups occurring in Theorem 3.8(ii) 
explain the definition of the 'metacyclic level' in Section 2. 
3. 4. Structure forest. Let G be a permutation group on a set A and let I be the set of 
orbits of G. A structure forest ~ for G is a forest with a G-action satisfying the 
following requirements: 
(i) the set A consists of the leaves of the forest; 
(ii) the roots of each tree are fixed under the G-action; 
(iii) for each internal node v ~ A, the stabilizer G~ acts as a primitive group on the set 
of children of v. We use G(v) to denote this primitive group. 
It is clear that each orbit corresponds to precisely one tree in the forest. In each tree, 
nodes on a given level correspond to a block partition of this orbit. G acts transitively 
on each level of each tree. It follows that G induces isomorphisms between the groups 
G(v) for all v on the same level of a tree; moreover, the automorphisms of G(v) 
induced by G are inner. A structure forest is easily obtained by repeatedly refining a 
block partition of each orbit. 
We denote the height of the ith tree (i ~ 1) by h(i) and let Tq be the jth level of the 
ith tree. (The roots are on level 0.) 
Using Proposition 3.2, we fix a series of normal subgroups of G(v) with semisimple 
factors for each node v • ~: 
G(v)=G(v,  O)>~G(v, 1)-/>'- .>~G(v, rv )= l  (G(v, k)<~G). (3.1) 
If two nodes belong to the same Tq then we choose corresponding (under the G-action) 
series of normal subgroups: 
G(v r, k) = G(v, k)L (3.2) 
In each Tq, we fix a vertex vq and set 
G(i, j ,  k) : G(vij, k). (3.3) 
We formulate an additional technical condition which will be helpful in pushing some 
of the difficulties into a single metacyclic level. We require that if the node v has p 
children, p prime, and Soc(G(v))~-Zp, then the composition factor immediately 
preceding Zp in (3.1) be Zq for the second largest prime q dividing [G(v)[. We note 
that this condition is easily satisfied, since in this case G(v)/Soc(G(v)) is cyclic. 
A structure forest with a fixed choice of a series of normal subgroups in each G(v) 
satisfying the above conditions will be called an organized structure forest. 
Let G~(k) be the subgroup of Gv corresponding to G(v, k). Let N(i,j, k)= 
O {Gv(k): v • Tq}. Clearly, N(i, j, k)<3G and N(i, j, k) <~N(i, Jl, k~) whenever j > j l  
or j = Jl and k/> kl. We note, moreover, that the factor groups N(i, j, k)/N(i, j, k + 1) 
are characteristically simple. 
A subgroup of G is consistent if it is the intersection of a family of subgroups of the 
form N(i, j, k). Such groups are clearly normal in G. All members of the normal series 
described in Theorem 2.1 will be consistent. 
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3. 5. Some results from number theory. The next two estimates follow from the Prime 
Number Theorem. 
PRoPOSmOr~ 3.9. The product of all primes less than m is e mO+°O)~. 
PROPOSITION 3.10. If the sum of a family of different primes is less than m, then their 
product is less than exp((m In m)~(1 + o(1))). 
4. PROOF OF THE STRUCTURE THEOREMS 
In this section we prove Theorems 2.1 and 2.3. 
PROOF OF THEOREM 2.1. Let G<~Sym(A), [A l=n and let us fix an organized 
structure forest for G, as defined in Section 3.4. For each i • / ,  let (if, kT) be the 
lexicographically first pair such that G(i, ]7, k~')/G(i, if, k7 + 1) in (3.3) is the product 
of alternating roups of degrees > V~; set (if, k[') = (h(i), 0) if such pair (j, k) does not 
exist. Let N2 = n {N(i, j[', k~'): i • I}. Moreover, let N~ = n {N(i, if, kT+ 1): i f<  
h(i)} n n {N(i, h(i), 0): iT= h(i)}. Note that N~ is the smallest consistent subgroup of 
N2 such that N2/N~ is the product of alternating roups of degrees >Vn. N2/N2 will be 
our giant level. Next, let (j~, k~) be the lexicographically first pair before (if, k;') such 
that G(i, j~, k~)/G(i, j~, k" + 1) is an elementary abelian q-group for some prime q in 
the range n°-a,<q <n°7;  (j~, k~)= (j~', k~') if such pair (j, k) does not exist. Let 
N1 = n {N(i, g, k'): i • I}. Moreover, let N~ = n {N(i, j*, k*): (j', k') v e (j~', k;')} n 
N{N(i, j", k"): (j~, k~) = (j;', ki')}, where (j*, k*) is either the first or the second pair 
in the lexicographic ordering in the orbit i after (j], k~); we take it to be the second 
pair if G(i, j', k;)/G(i, j[, k; + 2) in (3.3) is isomorphic to H(p, q) for some pair (p, q) 
in the range n °4 <p,  q < n °-7. N1/N'I will be our metacyclic level. It is easy to check 
that, for each orbit i where (j~, k[)4:(j[', k~'), the pair (j*, k*) lexicographically 
precedes (li,'" k~') since N(i, ]i," k~)/N(i, 1i'*, k*) is solvable. 
The normal series G = Go/> 61 9 . . -~  G~ = 1 required in Theorem 2.1 will be a 
refinement of the series G ~> N1/> N'I/> N2 ~> N~ >/1. We define this refinement as a 
shortest chain of consistent subgroups of G such that: 
(i) N~ follows immediately after Ne in the chain (i = 1, 2); 
(ii) all factors Gi_I/G~ with the possible exception of N1/N'I are semisimple: 
(iii) each semisimple factor Gi-~/Gi is either abelian, or a product of alternating 
groups, or a product of non-abelian, non-alternating simple groups. 
Such a chain clearly exists (cf. Proposition 3.3). 
We claim that the normal series just defined satisfies the requirements of Theorem 
2.1. Conditions (ii) and (iii) above ensure that the normal series is organized. By 
Theorems 3.5 and 3.6(ii), alternating roups of degree > Vn can occur as composition 
factors only in the socle in a primitive group of degree ~<n. Consequently, two different 
factors in a series (3.1) of normal subgroups of G(v) cannot consist of such large 
alternating roups for any node v in ~-. It is also impossible that such large alternating 
groups occur in the normal series for v • T 0 and v' • T,j, with j < j '  since there would be 
more than VnVn = n leaves below v. As all composition factors of G occur as 
composition factors of some G(v), all alternating factors of degree >Vn are in N2/N~. 
This proves that our normal series is well organized. 
h(i) <~ logz n for all i • I and, by Corollary 3.7, any series of normal subgroups of a 
primitive group has length < c log22n. Thus M < 9c log3n = O(log 3 n) and Theorem 
2.1(i) is satisfied. 
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Next, we estimate the multiplicity free part st of IGt/Gt+~l for abelian levels. If 
Gt/GI+ 1 is an abelian level preceding N1 then let st -- st~,~t~2~, where stc,~ is the product of 
primes ~<n °4 and sty2> is the product of primes l~n  °'7 dividing IGt/Gt+~[. By the 
definition of N1, other primes cannot divide 161/61+11. By Proposition 3.9, st~,~<~ 
exp(n°4(1 + o(1))). On the other hand, the number of primes in the product st,2~ is at 
most n °-3, so st<21 ~< exp(n °3 In n). 
If Gt/Gl+l is an abelian level between N1 and N2 then let sl = st<~>st<~st~,st~,~, where st~ 
is the product of primes ~n °-4 and st<2> is the product of primes ~>n °-7 dividing IG~/Gt+tl. 
Furthermore, let st<~/be the product of those primes p in the range n °'4 <p < n °-7 which 
originally occurred as a composition factor of some G(v) acting on <n °8 points and st<4~ 
the product of primes p not considered so far. As above, st<,>~<exp(n°4(1 + o(1))) 
and st~2~ <~ exp(n °3 In n). Similarly to the estimation of st~, st~,~ exp(n °2 In n). 
The estimation of st<~> will rest on the Liebeck-Saxl theorem (Theorem 3.8). Suppose 
that p is a prime occurring in the product st~ and that Zp originally occurred in the 
composition series of G(v) for some v • T~j. Then, by the definition of N~, there exists 
some n °-4 <p'  < n °'7 such that a composition factor Zp, lexicographically precedes Zp in 
the orbit i. Let q denote the lexicographically first such p'. We claim that it is 
impossible for Zq to occur in the composition series of the same G(v). Indeed, by 
Theorem 3.8 and the definition of st<~>, this means that G(v)<~AGL(1, p*) for some 
prime p* < n °8 and pq I P*(P* - 1). Since pq > n °s, this implies that p =p*  and q is 
the largest prime divisor of p* -1 .  By the technical condition stated after formula 
(3.3), Zq is listed as the composition factor immediately preceding Zp in the 
composition series selected for G(v). It follows that Zp is the socle of a subgroup of the 
form H(p, q) which, in turn, should have been included in N~/N'~, the metacyclic level. 
We conclude that IT,-~[ ~ q >/~0,4. Consequently, the sum of the prime divisors of st~ 
is < n/n °4 = n °6. By Proposition 3.10, st~ ~< exp(n°3(ln )½(1 + 0(1))). 
Finally, if Gt/at+l  is an abelian level after N2 then each prime divisor of [GI/GI+I[ 
occurs at at least V~ vertices; hence the sum of primes constituting the product st is at 
most Vn. By Proposition 3.10, st ~< exp(n°25(ln )~(1 + o(1))). This proves part (ii) of 
Theorem 2.1. 
The proof of (iii) is trivial from the definition of N~/N'~. [] 
PROOF OF THEOREM 2.3. If G is transitive then, with the notation of the previous 
proof, III = 1. Now, the groups N(i, j, k) (for the unique i • I) form a series of normal 
subgroups which clearly satisfies all conditions. [] 
5. PROOF OF THE MAlN RESULTS 
We shall give recursive estimations for diam(G/Gt) for l = 1, 2, . . . ,  M. If the level 
Gt-1/Gt is an abelian, small or metacyclic level, then our estimation is based on the 
following observation. 
LEMMA 5.1. If 1 =/: N ~ G, N <l G then 
diam(G) <~ (2 diam( G / N) + 1)diam(N) + diam( G / N) <~ 4 diam( N)diam( G / N). 
PROOF. The Schreier generators (cf. Lemma 3.1) for N are words of length 
<~2diam(G/N)+ 1. So the elements of N can be written as words of length 
~<(2 diam(G/N) + 1)diam(N) and arbitrary elements of G can be reached within the 
stated bound. [] 
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In the case of alternating levels, we cannot apply Lemma 5.1 since our bound 
exp((n In n)½(1 + o(1))) for the diameter of alternating roups [6] is too weak to allow 
the multiplication of this diameter by the diameter of the metacyclic level. However, 
the proof of Conjecture 1.5 (or, in fact, any significant improvement in estimating the 
diameter of alternating roups) would make the distinction among non-abelian simple 
groups unnecessary, and we would not have had to be concerned with giant levels at 
all. 
LEMMA 5.2. Suppose that G ~- Zdv ',×Zd]x  - - .  × Z]: and let P = P~P2 " " " P~. Then 
diam(G) ~< Ps.  max{d/}. 
PROOF. Let S be an arbitrary set of generators for G. Taking the (P/pi)th power of 
the elements of S, we obtain generators for Zpal. From these generators, we can choose 
a basis for Zpdl (considered as a d~-dimensional vector space over GF(p) . )  Any element 
of Zpdl can be written as a <~pgdi long word of the 'basis elements and this is a word of 
length <~Pdi in terms of the original generators. Since we have expressions of length 
~<P -max{di} for the elements of each Zpdl, all elements of G can be expressed as words 
of length <~Ps • max{d~}. [] 
PROPOSITION 5.3. Let T be a simple non-abelian group and 1 ¢ t~ • T for i = 1, 2. Then 
there exists t • T such that t I and t-lt2t do not commute. 
PROOF. By simplicity, the set C -- {t-lt2t: t • T} generates T. Hence the commutator 
[tl, c] =/: 1 for some c • C. [] 
LEMMA 5.4. Suppose that G ~- T1 × T2 × • " " x Ts, where the T~ are non-abelian simple 
groups and let diam(T~) = hi, h = max{hi}. Then diam(G) ~< 20sah 2. 
PROOF. For g • G, we use g(0 to denote the ith component of g. Let S be a set of 
generators for G. For each i~<s, let Si be a set of words of length ~<h such that 
{s~0: s • S,-} = T,-. Moreover, for each i, we take the Schreier generator set Ri for 
Hi := Hi~i Tj = G/Ti using the coset representative s t Si. The length of words in Ri is 
~<2h + 1. 
Now let us fix i ~<s. Our first goal is to produce a word for some non-identity 
element of T/. Let {l): j :/: i} be a set of words from L_J~i Rj such that, for each j ¢ i, 
r} 0 :/: 1 and r} j) = 1. (Since R i generates Hi, such rj exists in Rj for each j 4: i.) For any 
I ~_ {1, . . . , s}, i ~ L [II ~< 2b we prove by induction on b that there exists a word w(1) 
of length <<-f(b)'=(~4 b - ] )h  +4 b which vanishes in all co-ordinates j • l  but 
w(1) (i) ¢ 1. This is true for b = 0 (f(0) = 2h + 1) by the choice of the R i. Now let b/> 1, 
I - - - - I  1 U/2, I/k[ ~<2 b-1. By Proposition 5.3, there exists s •Si such that the ith 
co-ordinate of w(I):=[w(I1), s-lw(12)s] does not vanish. The length of w(I) is 
~<4(f (b-  1)+ h)=f (b) .  Substituting b = [log2s] into this formula, we obtain that 
some g~• T~ can be written as a word of length <4~s2h +4s2<lSs2h. The set 
{s-lgis: s • Si} generates Ti so each element of T~ can be represented as a word of 
length <20s2h 2. Finally, we obtain words of length <20sah 2 for the elements of G. [] 
PROPOSITION 5.5. Let p, q be primes and q [ (p - 1). Then diam(H(p, q)) < 3p. 
PROOF. Given any set S of generators, it is possible to choose a, b • S such that 
H(p, q )= (a, b). The commutator [a, b] =a- lb-~ab is in K:=Soc(H(p ,  q) )=Zp.  
Consequently, all elements of H(p,  q) can be written as words of length <2p + (q/2) 
in the form [a, b]ka l for some --p/2 < k <p/2  and -q /2  < l < q/2 (assuming a ~ K). [] 
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Let us remark that, using the method of trigonometric sums, one can prove that 
diam(H(p, q)) = O(q) provided that q >p~. Using bigger guns (Weil's estimate on the 
number of solutions of the diagonal equation over finite fields, cf. [18, p. 57]), one 
obtains that diam(H(p, q)) = O(q) provided that q >pl/2+c for fixed c > 0. 
LEMMA 5.6. Suppose that G <~ H(rl, q~) x • •. x H(rm, qm) x Zrm+, X • • " × Zr~, 
where: 
(i) all qi, ri are (not necessarily distinct) primes between °4 and n °'7, 
(ii) E~_<~ r, ~< n. 
Then diam(G) ~< exp((n In n)½(1 + o(1))). 
PROOF. Let A be the set of primes dividing IGI. We define a directed graph 
D = (A, E) as follows. For any ordered pair, set (a, b) c E iff a = r/ and b = qi for 
some i ~< m. Because of (i), the outdegree of each node is at most 1: it is impossible 
that a - 1 has two prime divisors >n °4  when a < n °7. So D is a forest and, in each tree 
component, he edges are directed toward a root (which is the smallest prime occurring 
in the component). We mark those tree components T, where either there exists a 
node a such that a occurs at least twice among the ri or the root of T occurs as r, for 
some i/> m + 1. 
Afilter in D is a set F cA  such that a ~ F whenever (a, b) e E and b e F. It is easy 
to see that for any filter F, G has a (unique) normal Hall F-subgroup N(F). Let now Aj 
consist of the elements of A at distance ~>j from their respective roots. Let B be the 
union of the unmarked components of D. We set Bj=Bt_JAj .  We thus have 
A=Bo~BI~'"  ~Bh+I=B, where h is the height of the tallest tree in D, 
h < log2(n °-7-°4) < log2 n. 
Observe that each Bj is a filter in D. Let Nj = N(Bj) be the corresponding normal 
Hall subgroup: G=No>~NI~ .. ">~Nh+l, Ne<~G. It is easy to see that N~_I/N, is 
abelian with multiplicity free exponent. By the definition of the set B, 
Nh+l ~ I] H(ri, qi). 
ricB 
We can thus continue the series Ni such that Ni_I/Ni<~H(r, q) for some r eB  
( i=h+2 . . . . .  t), Nt=I .  
Now we use Lemma 5.1 to estimate diam(G). For i<-h+l ,  Lemma 5.2 and 
condition (ii) guarantee diam(N~_l/N~)<v(IN~_j/N~l).n, where v(x) denotes the 
multiplicity free part of x. It follows that 
diam(G/Nh+l) < (4n)h+lv(lG/Nh+xl) = (an)  h+l  I~ P, (5.1) 
peA'  
where A' is the set of prime divisors of IG/Nh+ll. We claim that 
E p E r, (5.2) 
peA'  i--1 
ri~B 
Indeed, if p E A' does not itself occur on the right-hand side then p is the root of a 
marked tree T. It follows that some prime p'  ~ T occurs at least twice on the right-hand 
side of (5.2). Noting that p <p ' ,  we obtain (5.2). 
For i t> h + 2, Proposition 5.5 provides the bound diam(Ni_,/N,-) < 3rj if N~_I/N,- 
H(rj, ql). Note that these primes rj belong to B and they are all distinct for different i. 
Consequently, 
diam(Nh+l) ~ 1-[ (12rj). (5.3) 
t)~B 
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Combining (5.1) and (5.3) we obtain that 
diam(G)<~ 4(4n) h+ll2t-h-1 [ I  P. 
peA'UB 
By (5.2) and condition (ii), 
Therefore, by Proposition 3.10, 
s 
peA'UB i=1  
(5.4) 
1-[ P < exp((n In n)a/2(1 + o(1))). (5.5) 
p6A'UB 
Since h < log2 n and 12rj = r) +°0), the term 4(4n)h+l12 t-h-1 only adds another o(1) to 
the error term in (5.5). [] 
PROPOSITION 5.7. Let N = I"1 × " • • x T~<~G <~ Sn, where T~ is non-abelian simple for 
all i. Then 3Mi <~ G such that: 
(i) Te x M~ ~< G; 
(ii) IG: (T~ x M~)I <~ s [Out(T3l <- 2n lOut(T31. In particular, if T, is an alternating roup 
then [G: (Ti x M~)] ~< 4s < 8n. 
PROOF. G acts on {7"1, •. -, T~} by conjugation. Let Li ~< G be the stabilizer of T~ in 
G. Then IG:LgI<<-s and T~<1Li. Now Li acts on T,; the kernel of this action is 
Mi = Cc(T~). Since the image of this action is a subgroup of Aut(Ti), we have 
[Li: Mi[ <~ IAut(T~)l. Consequently, [G: (T/× Mi) [ <~s IAut(T~)l/lTil = s ]Out(T~)l. 
The fact that s<2n follows from [2]: Sn has no subgroup chain of length ~2n, 
(Actually, the trivial estimate s < log2 IGI < n log 2 n would suffice for us.) [] 
PROPOSITION 5.8.' Let n >i 5. Then (Va eA , ) (3b ,  c eA~) such that [[a, b], c] is a 
3-cycle. (As usual, [a, b] denotes the commutator of a and b.) [] 
The following lemma will be used in treating giant levels. Any significant 
improvement of the estimate diam(An) ~< exp((n In n)½(1 + o(1))) [6] would render the 
lemma superfluous. 
LEMMA 5.9. Suppose that I<3N<~G<~S,, N-~T~× T2x . - -×  T~, where T~ is an 
alternating roup of degree mi for 1 ~ i <~s, and let m = max{mi}. Moreover, suppose 
that d iam(G/N) <~ b. Then diam(G) ~< 600s3mZ(16n exp((m In m)½(1 + o(1))) + b). 
PROOF. The proof is similar to but slightly more complicated than the proof of 
Lemma 5.4. The reason is that, with the applications in mind, we wish to avoid the 
multiplication of the estimates for diam(N) and diam(G/N).  
For g ~ N, we again use g(i) to denote the ith component of g. We select a set S of 
Schreier generators for N such that the elements of S can be written as words of length 
~<2b + 1. Our first goal is to construct sets Si c N such that {s(°: s ~ Si} = T~ for all i. To 
this end, let us fix i<~s. By Proposition 5.7, there exists Mi<~G such that 
[G: (T~ x Mi)[ < 8n. Schreier generators for 77, × Mi can be written as words of length 
~<16n. Moreover, by [6], elements of a subgroup Zi ~< T~ × M~ possessing the property 
that Zi projects onto Ti in TixM~ can be written as words of length <~16nx, 
x = exp((m In m)½(1 + o(1))). Let us pick s e S such that s (° :/: 1. By Proposition 5.8, 
there exist zl, Ze ~ Z, such that g = [[s, Zl], z2] e N and g(0 is a 3-cycle. Conjugating 
by the elements of Z~, we obtain elements in N which act as 3-cycles in T/; Sg can be 
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obtained as products of length ~<m of these elements. The length of g is ~< 
2(16nx + 2(16nx + (2b + 1))) so the elements of S~ can be written as words of length 
<~h = m(128nx + 4(2b + 1)). 
Exactly as in the proof of Lemma 5.4, we can obtain g~ e T,. of length <lSs2h. 
Applying Proposition 5.8 again, we obtain that elements of Ti can be written as words 
of length <~m(128nx + 4(18s2h)) and each element of N has length <~srn(128nx + 
4(18s2h)). Thus 
diam(G) <~ b + sm(128nx + 4(18s2h)) < 600s3m2(16n exp((m In m)½(1 + o(1))) + b). [] 
PROOF OF THEOREM 1.3. We estimate the diameter of G/Gt  inductively for 
l = 1, 2, . . . , M. By Theorem 2.1(i), M < c log 3 n. If GI-1/GI is an abelian, small or 
metacyclic level then the estimate is based on Lemmas 5.2, 5.4, 5.6 and 5.1. In 
Lemmas 5.2 and 5.4, s <n and max{d; )< n. By Theorem 2.1(ii), P <~exp(n°4(1 + 
o(1))) in Lemma 5.2 and, by Theorem 3.6, h ~<r/cl°g2'2 in Lemma 5.4. Therefore, the 
'o(1)' part of exp((n In n)½(1 + o(1))) swallows the contribution of small and abelian 
levels as well as the contribution of Lemma 5.1. If Gt_~/Gt is an alternating level, then 
the estimate is based on Lemma 5.9. Since the significant parts of the bound, 
exp((m lnm)~( l+ o(1))) and d iam(G/Gt_ l ) ,  are now added rather than multiplied, 
d iam(G/Gt )  <~ exp((n In n)½(1 + o(1))) also holds for alternating levels. [] 
PROOF OF THEOREM 1.4. If G is transitive then there is no metacyclic level and the 
estimates at abelian levels improve to P ~< n, s = 1 and max(di} ~< n (cf. Theorem 2.3). 
Moreover, for alternating levels, ms <~ n in the estimate in Lemma 5.9. Hence 
diam(G) ~< (4Mn4M9600MI~ h2)diam(A,~c)), (5.6) 
where m(G)  is the degree of the greatest alternating group occurring among the 
composition factors of G and the hi are the orders of the non-abelian, non-alternating 
simple groups involved on the levels of our normal series of G. Let k~, k2 . . . .  be the 
number of children of nodes on consecutive levels of the structure tree, F[ ki  = n. (The 
number of terms here is the depth of the tree.) Then, by Theorem 3.6(b), 
1] h 2~< ]1 exp(c log2ki) ~< exp(c log2n). Finally, by Corollary 3.7, M ~< ~ c log2ki < 
c log2n. Substituting these esimates into (5.6), we obtain the desired bound. 
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